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a b s t r a c t

The aim of this work is to predict sound pressure in front of wall facings based on

periodic sound scattering surface profiles. The method involves investigating plane

wave reflections randomly incident upon an uneven surface. The waveguide approach is

well suited to the geometries usually encountered in industrial workplaces. This

acoustic field in the profile interstices can then be expressed as the superposition of

waveguide modes. In past work, walls considered are of infinite dimensions and are

subjected to a periodic surface profile in only one direction. We therefore generalise this

approach by extending its applicability to ‘‘double-periodic’’ wall facings. Free-field

measurements have been taken and the observed agreement between numerical and

experimental results supports the validity of the waveguide method.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Acoustic characterisation of surfaces in industrial workplaces is required for predicting the sound pressure level at
specific points, improving the acoustic treatment and providing suitable noise control solutions in these environments.
Periodic uneven sound scattering surfaces are often present in industrial workplaces. Fig. 1 shows an example of 1D
periodic uneven surface defined by the sinusoidal profile y¼ zðxÞ and by the specific acoustic admittance on the surface
Z¼ ZðxÞ.

In 1907, Rayleigh [1] solved the problem of the reflection of a time-harmonic plane wave, normally incident on an
uneven surface of sinusoidal profile of small thickness (Fig. 1). Since then, many works [2–5] on sound reflection from
sinusoidal profiles have used Rayleigh’s method. However, Rayleigh’s hypothesis is now considered as adaptable only to
sinusoidal profiles with small depth. To consider Rayleigh’s method as valid, the period Lx and the depth h of the profile,
defined by the function, y¼ zðxÞmust satisfy the condition 2ph=Lxo0:6627. The Rayleigh method is especially suited to flat
surfaces with periodic acoustic admittance [6].

Based on the Dirichlet boundary conditions, Holford [5] proposed in 1981 an exact solution to the reflection of obliquely
incident plane waves striking an infinite periodic profile. Holford’s investigations are based on those of Urusovskii [7]
involving periodic surfaces with uniform boundary conditions. Random-incidence scattering coefficients obtained
by measurement in reverberation chambers for a particular sine-shaped surface have been compared with the
Holford–Urusovskii’s method [8].
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Fig. 1. 1D periodic uneven surface of sinusoidal profile.

Fig. 2. 1D periodic uneven surface of rectangular profile with absorbent grooves.
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Both Fujimoto and Fujiwara [9], and Lam [10] used the boundary element method to determine the amplitudes Rr of a
reflected wave on periodic profiles. We note that Fujimoto and Fujiwara’s method is adapted to more complex profile
types, such as those encountered in industrial workplaces.

The finite element method [11] used by Macey [12] also determines the amplitudes Rr of reflected waves. This method
is less efficient than the boundary element method because it requires higher spatial resolution, especially in the profile
interstices.

In 1952, Deryugin [13] studied the case of a 1D periodic uneven surface with rectangular, non-absorbent grooves.
In 1967, De Bruijn [14] used Deryugin’s method to study the reflection of a plane wave incident randomly, on a surface
with absorbent grooves, as shown in Fig. 2. Then, Ando and Kato [15] transposed the method for 1D periodic uneven
surfaces of arbitrary profiles.

The present work is an extension of De Bruijn’s model. It concerns the characterisation of 2D periodic uneven surfaces of
infinite dimensions made of rectangular cavities. The aim is to determine the acoustic pressure in front of this kind of wall
facing at a specific point.

Many 2D periodic uneven surfaces can be found in industrial workplaces. They could be composed of several
superposed rectangular waveguides.

In what follows, dxi
and dzi

are the transversal dimensions of the ith rectangular waveguide in x and z coordinates,
respectively. The corresponding lower and upper limits are axi

and bxi
, along the x-axis, and azi

and bzi
, along the z-axis.
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Fig. 3. 2D periodic uneven surface of rectangular profile.
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For the profile A, both ith and (i+1)th rectangular waveguide coordinates satisfy the equation given below:

jaxi
j4 jaxiþ 1

j; azi
j4 jaziþ 1

j; bxi
4bxiþ 1

; bzi
4bziþ 1

: (1)

For the profile B:

jaxi
jo jaxiþ 1

j; jazi
jo jaziþ 1

j; bxi
obxiþ 1

; bzi
obziþ 1

: (2)

Figs. 4 and 5 show, respectively, two examples of periodic uneven surfaces of profiles A and B with two superposed
waveguides (i=1):
�
 For profile A (cf. Fig. 4): jax1
j4 jax2

j; jaz1
j4 jaz2

j; bx1
4bx2

; bz1
4bz2

.

�
 For profile B (cf. Fig. 5): jax1

jo jax2
j; jaz1

jo jaz2
j; bx1

obx2
; bz1

obz2
Fig. 6 shows the geometric cross section of these two profiles.
We study here the reflected acoustic field above 2D periodic surfaces made only of one (Fig. 3) or two superposed

waveguides (Fig. 4 or 5).

2. Analysis of 2D periodic uneven surfaces with N waveguides

As suggested by De Bruijn’s method [14] for 1D periodic uneven surfaces, we consider two regions of the space, the first
one in front of the wall facing, referred to as region I and the second, inside the wall cavities, referred to as region II.

The cavity ridges of the periodic wall facing studied are considered acoustically rigid, while the faces perpendicular to
y-axis may be covered with absorbing materials.

The generalisation involving N waveguides for 1D periodic surface profiles, introduced by Ando and Kato [15], is also
applicable to 2D periodic profiles. Based on the notations used in Figs. 4–6, every waveguide referenced by the index i is
bound by coordinates axi

and bxi
along the x-axis and azi

and bzi
along the z-axis. Its transverse dimensions are dxi

¼ bxi
�axi

and dzi
¼ bzi
�azi

and its depth is hi�hi�1.
Different geometries can be encountered, depending on whether the transverse dimensions dxi

and dzi
and the positions

axi
; azi

; bxi
and bzi

of the waveguide i are greater or smaller than those of the guide i+1. We decided to examine two cases
corresponding to the two geometric shapes shown in Fig. 4 (profile A) and Fig. 5 (profile B).

In addition to the surface profile geometric variation, each side-step i can be covered with an absorbing material
characterised by its specific acoustic admittance Zi. The side walls of the waveguides are considered perfectly reflecting.

2.1. Acoustic field in front of wall surface

The sound pressure of a time-harmonic incident plane wave is given by

pincðx; y; zÞ ¼ e jða0xþb0yþg0zÞ;

a0 ¼ k siny sinj;
b0 ¼ k cosy;
g0 ¼ k siny cosj;

8><
>: (3)

where k is the wave number and (y,j) defines the incidence shown in Fig. 3. The complex time factor of the form e jot

is omitted.
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Fig. 4. 2D periodic uneven surface of rectangular profile with two waveguides in the context of profile A.

Fig. 5. 2D periodic uneven surface of rectangular profile with two waveguides in the context of profile B.
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As in the 1D periodic surface profiles introduced by Ando and Kato [15], the acoustic field in front of the wall (i.e. at
y40, corresponding to region I) for the 2D periodic profiles can be expressed as the superposition of the incident and the
reflected fields:

pIðx; y; zÞ ¼ pincþpref ¼ e jða0xþb0yþg0zÞ þ
Xþ1

r;s ¼ �1

Rr;se
jðar x�br;syþgszÞ; (4)
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Fig. 6. Profiles A and B with N waveguides.
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where

ar ¼ a0þ2pr=Lx;

gs ¼ g0þ2ps=Lz:

(
(5)

Eq. (4) shows that the total reflected acoustic pressure is composed of an infinity of plane waves of order
ðr; sÞ ¼ 0;71;72; . . .71. Each mode possesses an amplitude Rr;s that must be determined. For ðr; sÞ such as a2

r þg2
s rk2,

br;s are real and the associated modes propagate in the direction defined by yr;s and jr;s such as

ar ¼ k sinðyr;sÞsinðjr;sÞ;

br;s ¼ k cosðyr;sÞ;

gs ¼ k sinðyr;sÞcosðjr;sÞ:

8><
>: (6)

The ðr; sÞ values in the case of a2
r þg2

s 4k2 correspond to non-propagating reflection modes, depending on the sign of br;s.
The complex amplitudes of these modes decrease or increase exponentially. The sign is chosen such that the amplitude of
the considered mode does not tend to infinity. br;s is defined by

br;s ¼ ðk
2�a2

r�g2
s Þ

1=2; a2
r þg2

s rk2;

br;s ¼�jða2
r þg2

s�k2Þ
1=2; a2

r þg2
s 4k2:

8<
: (7)

Such modes are evanescent in the normal incidence to the wall.
To determine Rr;s, one has to express the acoustic pressure pII inside the surface cavities (i.e. for yo 0, corresponding to

region II).

2.2. Formulation

Helmholtz equations above the wall (i.e. for y40) and associated with the waveguide i are

@2

@x2
þ
@2

@y2
þ
@2

@z2

 !
pIþk2pI ¼ 0; y40; 8x; 8z (8)

and

@2

@x2
þ
@2

@y2
þ
@2

@z2

 !
piþk2pi ¼ 0; �hioyo�hi�1;

nxLxþaxi
oxonxLxþbxi

;

nzLzþazi
ozonzLzþbzi

;

(
(9)

where pI and pi are the acoustic pressures in front of the wall (i.e. for y40) and correspond to the waveguide i,
respectively. Each cavity is identified by the couple (nx, nz).

Using the coordinates in the mentioned groove

xvx ¼ x�vxLx (10)
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and

zvz ¼ z�vzLz: (11)

Boundary conditions are

@pi

@xn
¼ 0; �hioyo�hi�1; azi

oznobzi
; xn ¼ axi

or xn ¼ bxi

� �
; i¼ 1;2; . . .N; (12)

@pi

@zn
¼ 0; �hioyo�hi�1; axi

oxnobxi
; zn ¼ azi

or zn ¼ bzi

� �
; i¼ 1;2; . . .N; (13)

@pI

@y
�jkZ0pI ¼ 0;

�Lx=2oxnoax1
; bx1

oxnoLx=2;

�Lz=2oznoaz1
; bz1

oznoLz=2;

(
(14)

pI ¼ p1; y¼ 0; ax1
oxnobx1

; az1
oznobz1

; (15)

@pI

@y
¼
@p1

@y
; y¼ 0; ax1

oxnobx1
; az1

oznobz1
; (16)

Eqs. (15) and (16) lead to

@pI

@y
�jkZ0pI ¼

@p1

@y
�jkZ0p1; (17)

@pN

@y
�jkZNpN ¼ 0; y¼�hN ; axN

oxnobxN
; azN

oznobzN
: (18)

Sound velocity and pressure continuity conditions between two waveguides can be expressed in two different ways, as a
function of the boundary pattern.
�
 In the case of profile A (Fig. 4), theses conditions are

@pi

@y
�jkZipi ¼ 0; y¼�hi;

axi
oxnoaxiþ 1

; bxiþ 1
oxnobxi

azi
oznoaziþ 1

; bziþ 1
oznobzi

(
(19)

@pi

@y
¼
@piþ1

@y
; y¼�hi; axiþ 1

oxnobxiþ 1
; aziþ 1

oznobziþ 1
(20)

pi ¼ piþ1; y¼�hi; axiþ 1
oxnobxiþ 1

; aziþ 1
oznobziþ 1

(21)

In the case of profile B (Fig. 5), theses conditions are
�
@piþ1

@y
�jkZipiþ1 ¼ 0; y¼�hi;

axiþ 1
oxnoaxi

; bxi
oxnobxiþ 1

aziþ 1
oznoazi

; bzi
oznobziþ 1

(
(22)

@pi

@y
¼
@piþ1

@y
; y¼�hi; axi

oxnobxi
; azi

oznobzi
(23)

pi ¼ piþ1; y¼�hi; axi
oxnobxi

; azi
oznobzi

(24)

2.3. Acoustic field in the surface cavities

The acoustic field in the cavity, identified by the couple (nx,nz), is defined as a superposition of waveguide modes along
the y-axis:

piðxn; znÞ ¼ e ja0nxLx e jg0nzLz
Xþ1

m;n ¼ 0

ðAi
m;ne jwi

m;nyþBi
m;ne�jwi

m;nyÞcx;i
mcz;i

n

( )
(25)

where

wi
m;n ¼ ðk

2�m2p2=d2
xi
�n2p2=d2

zi
Þ
1=2; m2p2=d2

xi
þn2p2=d2

zi
ok2

wi
m;n ¼�jðm2p2=d2

xi
þn2p2=d2

zi
�k2Þ

1=2; m2p2=d2
xi
þn2p2=d2

zi
4k2

8<
: (26)
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with

cx;i
m ðxnÞ ¼ cos

mp
dxi

ðxn�bxÞ

� �
; cz;i

n ðznÞ ¼ cos
np
dzi

ðzn�bzÞ

� �
(27)

ar ;br;s and gs are defined by Eqs. (5) and (7).
Substituting x by xvx ¼ x�vxLx and z by zvz ¼ z�vzLz in Eq. (4) and inserting the modified Eq. (4), as well as Eq. (26) for

i=1, into Eq. (18) leads to

ðb0�kZ0Þe
ja0xnx e jg0znz�

Xr ¼ þ1

r;s ¼ �1

Rr;sðbr;sþkZ0Þe
jar xnx e jgsznz ¼

Xþ1
m;n ¼ 0

½A1
mnðw

1
mn�kZ0Þ�ðw

1
mnþkZ0ÞB

1
mn�cmnðxnx ; znz Þ (28)

By multiplying each term of Eq. (28) by e�jar xnx e�jgsznz and integrating:
�
 the left-hand side on xvx between �Lx/2 and +Lx/2 and on zvz between �Lz/2 and +Lz/2 (it involves the positive y space
and the entire surface of a cell of the periodic structure), and

�
 the right-hand side on xvx between ax1

and bx1
and on zvz between az1

and bz1
(it covers the whole surface of the first

waveguide).

It is possible to express the amplitudes Rr,s of the reflected waves (Eq. (29)) and those of A1
s;t and B1

s;t in the first waveguide
(located near the surface) using the orthogonal properties of exponential functions and Eq. (14):

Rr;s ¼
b0;0�kZ0

b0;0þkZ0

mr;s�
dx1

dz1

LxLz

Xþ1
m;n ¼ 0

ðA1
m;nðw

1
m;n�kZ0Þ�ðw

1
m;nþkZ0ÞB

1
m;nÞ

u�m;n;r;s
br;sþkZ0

; ðr; sÞ ¼ 071;72 . . . (29)

where m0,0=1 and mr,s=0 for (r,s)a(0,0) and:

um;n;r;s ¼
1

dx1

Z bx1

ax1

cx;1
m ðxnÞe

jar xn dxn
1

dz1

Z bz1

az1

cz;1
n ðxnÞe

jgr zn dzn ¼ ux
m;ru

z
n;s (30)

ux
m;r ¼

�jar

dx1
ða2

r�m2p2=d2
x1
Þ
ðe jar bx1�ð�1Þme jar ax1 Þ (31)

uz
n;s ¼

�jgs

dz1
ðg2

s�n2p2=d2
z1
Þ
ðe jgsbz1�ð�1Þne jgsaz1 Þ (32)

A1
s;tþB1

s;t ¼ bs;t�eset
dx1

dz1

LxLz

Xþ1
m;n ¼ 0

fðA1
m;nðw

1
m;n�kZ0Þ�B1

m;nðw
1
m;nþkZ0ÞÞVm;n;s;tg; ðs; tÞ ¼ 0;1;2 . . . ; (33)

where

Vm;n;s;t ¼
Xþ1

r;p ¼ �1

u�m;n;r;pus;t;r;p

br;pþkZ0

; bs;t ¼ eset
2b0us;t;0;0

b0þkZ0

(34)

where e0=1, es=2 if sa0, and the asterisk indicates the complex conjugate.
The amplitude Rr;s can be determined with Eq. (30) providing we know A1

m;n and B1
m;n.

The boundary conditions of the bottom interstice (Eq. (18)) and the expression for sound pressure at i=N (Eq. (25)),
results in

BN
m;n ¼ AN

m;n

wN
m;n�kZN

wN
m;nþkZN

e�2jwN
m;nhN ¼ AN

m;nG
N
m;n (35)

The continuity conditions of velocities between two waveguides (Eq. (20) or (23) depending on the profile type) and the
sound pressure expression for the waveguide i (Eq. (25)) yield for the two different profiles A and B, respectively:

ðwi
s;t�kZiÞA

i
s;te
�jwi

s;t hi�ðwi
s;tþkZiÞB

i
s;te

jwi
s;t hi ¼

eset

dxi
dzi

Xþ1
m;n ¼ 0

½ðwiþ1
m;n�kZiÞA

iþ1
m;n e�jwiþ 1

m;n hi�ðwiþ1
m;n þkZiÞB

iþ1
m;n e jwiþ 1

m;n hi �vm;n;s;t;i (36)

where

vm;s;n;t;i ¼

Z bxiþ 1

axiþ 1

cx;iþ1
m ðxnÞc

x;i
s ðxnÞdxn

Z bziþ 1

aziþ 1

cz;iþ1
n ðznÞc

z;i
t ðznÞdzn (37)

ðwiþ1
s þkZiÞA

iþ1
s e�jwiþ 1

s hi�ðwiþ1
s �kZiÞB

iþ1
s e jwiþ 1

s hi ¼
es

dxiþ 1

Xþ1
m ¼ 0

½ðwi
mþkZiÞA

i
me�jwi

mhi�ðwi
m�kZiÞB

i
me jwi

mhi �wm;s;i (38)
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where

wm;s;n;t;i ¼

Z bxi

axi

cx;i
m ðxnÞc

x;iþ1
s ðxnÞdxn

Z bzi

azi

cz;i
n ðznÞc

z;iþ1
t ðznÞdzn (39)

An identical argument about the sound pressure continuity condition of Eq. (21) (or Eq. (24)) provides, for the profiles A
and B:

Aiþ1
s;t e�jwiþ 1

s;t hiþBiþ1
s;t e jwiþ 1

s;t hi ¼
eset

dxiþ 1
dziþ 1

Xþ1
m;n ¼ 0

ðAi
m;ne�jwi

m;nhiþBi
m;ne jwi

m;nhi Þvs;t;m;n;i (40)

Ai
s;te
�jwi

s;t hiþBi
s;te

jwi
s;t hi ¼

eset

dxi
dzi

Xþ1
m;n ¼ 0

ðAiþ1
m;n e�jwiþ 1

m;n hiþBiþ1
m;n e jwiþ 1

m;n hi Þws;t;m;n;i: (41)

Eqs. (36) and (40), (or Eqs. (38) and (41), depending on the geometry of the two waveguides), Eqs. (31), (33) and (35)
generate a system of 2N+1 equations with 2N+1 variables. The unknowns of this system are the amplitudes of the incident

waveguides Ai
m;n ði¼ 1;2; . . . ;N; ðm;nÞ ¼ 0;1; . . . ; þ1Þ, the amplitude of the reflected waveguides Bi

m;n ði¼ 1;2; . . . ;

N
ffiffiffi
2
p

; ðm;nÞ ¼ 0;1; . . . ; þ1Þ in each waveguide, and the amplitude of the reflected waves above the wall
Rr;s ððr; sÞ ¼ 071;72; . . . ;71Þ.

The amplitude Rr;s can be determined with the equation systems Eqs. (29) and (33) providing that we can express
the unknowns B1

s;t ððs; tÞ ¼ 0;1; . . . ; þ1Þ as functions of A1
s;t ððs; tÞ ¼ 0;1; . . . ; þ1Þ. These amplitudes are, respectively, the

amplitude of the incident and the first reflected waveguide.
The problem is now to find a relationship in form of B1

¼ f ðA1
Þ; where A1 and B1 are vectors with the amplitudes

A1
s;t ððs; tÞ ¼ 0;1; . . . ; þ1Þ and B1

s;t ððs; tÞ ¼ 0;1; . . . ; þ1Þ, respectively, as coordinates.
The same argument as that elaborated for the 1D periodic profile is used here. It is an iterative method that involves

determining a relationship in the form of Bi
¼ f ðAi

Þ; for i¼N;N�1; . . . ;1 for each waveguide, starting from the bottom to
the top.

The relationship BN
¼ f ðAN

Þ is directly given by Eq. (35). This expression shows the absence of a coupling between
various modes in the last waveguide. It is possible to express Eq. (35) in the following way:

BN
m;n ¼ AN

m;nG
N
m;n ¼

Xþ1
ðs;tÞ ¼ 0

GN
m;n;s;tA

N
s;t (42)

where

GN
m;n;s;t ¼GN

m;n if m¼ s and n¼ t else GN
m;n;s;t ¼ 0 (43)

By replacing i by N�1 in Eq. (36) and (40) (or Eq. (38) and (41) as the geometry of the waveguides N and N�1 corresponds
to a profile A or B), then by replacing the unknowns BN

m;n in these two equations as expressed by Eq. (42), it follows:
for a profile A:

ðwN�1
n;p �kZN�1Þe

�jwN�1
n;p hN�1 AN�1

n;p �ðw
N�1
n;p þkZN�1Þe

jwN�1
n;p hN�1 BN�1

n;p

¼
enep

dxN�1
dzN�1

Xþ1
ðt;xÞ ¼ 0

Xþ1
ðm;sÞ ¼ 0

½ðwN
m;s�kZN�1Þdm;tds;xe�jwN

m;shN�1�ðwN
m;sþkZN�1ÞG

N
m;t;s;xe jwN

m;shN�1 �vm;n;s;p;N�1

" #
AN

t;x; ðn; pÞ ¼ 0;1;2; . . .

(44)

where dm;n is the Kronecker delta function, i.e. dm;n ¼ 0 if nam and dm;n ¼ 1 if n¼m, and

Xþ1
ðt;xÞ ¼ 0

ðdn;tdp;xþGN
n;t;p;xe2jwN

n;phN�1 ÞAN
t;x ¼

enepe jwN
n;phN�1

dxN
dzN

Xþ1
ðm;sÞ ¼ 0

ðAN�1
m;s e�jwN�1

m;s hN�1þBN�1
m;s e jwN�1

m;s hN�1 Þvn;m;p;s;N�1; ðn; pÞ ¼ 0;1;2; . . .

(45)

for a profile B:

Xþ1
ðt;xÞ ¼ 0

dn;tdp;x�
ðwN

n;p�kZN�1Þ

ðwN
n;pþkZN�1Þ

GN
n;t;p;xe2jwN

n;phN�1

" #
AN

t;x

¼
enep

dxN
dzN

e jwN
n;phN�1

ðwN
n;pþkZN�1Þ

Xþ1
ðm;sÞ ¼ 0

½ðwN�1
m;s þkZN�1ÞA

N�1
m;s e�jwN�1

m;s hN�1�ðwN�1
m;s �kZN�1ÞB

N�1
m;s e jwN�1

m;s hN�1 �wm;n;s;p;N�1; ðn; pÞ ¼ 0;1;2; . . .

(46)

and

AN�1
n;p e�jwN�1

n;p hN�1þBN�1
n;p e jwN�1

n;p hN�1 ¼
enep

dxN�1
dzN�1

Xþ1
ðt;xÞ ¼ 0

½
Xþ1
ðm;sÞ ¼ 0

ðdt;mdx;se
�jwN

m;shN�1þGN
t;m;x;se

jwN
m;shN�1 Þwn;m;p;s;N�1�A

N
t;x; ðn; pÞ ¼ 0;1;2; . . . (47)
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Inversion of the system given by Eq. (45) allows us to eliminate the unknown AN
t;x from Eqs. (44) and (47) and to obtain,

in the case of profile A, a relationship in the form of BN�1
¼CN�1

� AN�1, where � is the matrix product. This relationship
can be also obtained for a profile B by inverting the equation system Eq. (46).

By iterating the previous process for each of the waveguides, we can obtain numerically the relation B1
¼C1

� A1 in the
first waveguide.

Insertion of this relation in Eq. (29) leads to:

Rr;s ¼
b0;0�kZ0

b0;0þkZ0

mr;s�
dx1

dz1

LxLz

Xþ1
ðt;pÞ ¼ 0

Xþ1
ðm;nÞ ¼ 0

ðdm;tdn;pðw1
m;n�kZ0Þ�G

1
m;t;n;pðw

1
m;nþkZ0ÞÞ

u�m;r
br;sþkZ0

" #
A1

t;p; ðr; sÞ ¼ 071;72; . . .

(48)

Also, the transfer of G1 in Eq. (33) yields:

Xþ1
ðt;sÞ ¼ 0

Wn;p;t;sA
1
t;s ¼ bn;p; ðn; pÞ ¼ 0;1;2 . . . (49)

with

Wn;p;t;s ¼ ðdn;tdp;sþG1
n;t;p;sÞþenep

dx1
dz1

LxLz

Xþ1
ðm;xÞ ¼ 0

ðdt;mds;xðw1
m;x�kZ0Þ�G

1
t;m;s;xðw

1
m;xþkZ0ÞÞVm;n;x;s; ðn; p; t; sÞ ¼ 0;1;2; . . . (50)

where Vm;n;x;s and bn;p are defined in Eq. (34).
And finally, the numerical resolution of the system given by Eq. (49)1 for the amplitudes A1

t;s ððt; sÞ ¼ 0;1;2; . . .Þ of the first
waveguide and the insertion of these solutions into Eq. (48) provide the amplitudes Rr;s of the waves reflected by the wall.

3. Experimental validation

Measurements have been carried out in free-field conditions in the INRS (French national research institute for
occupational health and safety) semi-anechoic chamber. 2D periodic surfaces with one and two waveguides were used to
validate the waveguide model developed in Section 2. These profiles are made of polystyrene blocks with a high acoustic
reflection coefficient (see Fig. 9). This coefficient was measured using a two-microphone technique [18] to deduce the
specific acoustic admittance Z0 required in the waveguide model. The reflection measurement is error sensitive, when the
studied facing is highly reflective. The curve representing this coefficient appeared relatively noisy. We therefore chose a
constant specific acoustic admittance Z0=0.08, which gave an acoustic reflection coefficient of approximately 0.85–0.9
(see Fig. 9). The specific acoustic admittance Z0 is defined as the ratio of the characteristic acoustic impedance of air r0c to
the characteristic acoustic impedance of polystyrene rpcp [19]:

Z0 ¼
rc

rpcp
¼

1:2� 344

12� 430
¼ 0:08 (51)

The waveguide model provides solutions to problems of sound reflection on periodic wall profiles, when the incident
sound field is made up of plane waves of differing incidence. In practice, plane waves are very difficult to generate. A
conventional sound source can therefore be used and the waveguide model adapted to the source intensity distribution.

The chosen source was a 10 cm diameter Pioneer TS E1077 loudspeaker. This was connected to a B&K 1405 noise
generator through a Power APK 2000 amplifier and a Yamaha GQ 1031 Graphic Equaliser to generate pink noise. B&K 4935
1/40 0 microphones were used for acquisition, connected to a B&K 2694 Deltatron conditioner. The acquisition system was
an OROS OR25. Signal acquisition was performed at a 25 600 Hz sampling frequency for 30 s. Digital simulations were
nevertheless restricted to a lower range (3000 Hz). Computation times would have been too long beyond this frequency.

3.1. Sound source

The loudspeaker was considered a dipolar source weighted by a directivity factor. The source position was defined by its
radial vector rs and its coordinates xs; ys and zs as shown in Fig. 7. The incident sound field emitted by the source at the
sensor position defined by the radial vector rc and by coordinates xc; yc and zc can be expressed as [17]

pincðrc ; rsÞ ¼ cosðyÞ 1þ
1

jkjrc�rsj

� �
e�jkjrc�rsj

jrc�rsj
¼

ys�yc

jrc�rsj
1þ

1

jkjrc�rsj

� �
e�jkjrc�rs j

jrc�rsj
(52)
1 This resolution needs the truncation of infinite systems. This operation is achieved by comparing two simulations of the same problem processed

for two different orders of truncation and by verifying that the results are identical. In this case, we are sure that the first solutions converge.
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Fig. 7. System of coordinates used to describe the source and the sensors positions.
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The angular distribution of the directivity factor (cos(y)) can be represented by means of the amplitude of the incident
sound pressure using the following spatial Fourier transform:

~pincða0Þ ¼

Z þ1
�1

pincðxÞe
ja0xc dxc (53)

Eq. (52) was numerically calculated using a Fast Fourier Transform algorithm, which sampled the incident sound field on
sensor positions of a sensor array [20]. Fig. 8a illustrates this technique for an array of 45 sensors spaced at dx=5.5 cm
intervals with the central sensor placed at 90 cm right beneath the source.

Transforming the incident field into the wave number domain gives the following angular representation:

a0 ¼ k sin y; a0 2 ½�k; k� (54)

Eq. (54) shows that a0 is the incident wave number projected on sensor lines. The values of a0 at ja0j4k correspond to
evanescent waves with exponentially decreasing amplitudes. Fig. 8b illustrates the angular distribution of the incident
sound field for Fig. 8a configuration.

3.2. Principle of decomposition of the incident sound field

The waveguide model allows us to determine the acoustic pressure reflected in front of periodically uneven wall facings
excited by an incident plane wave. Under experimental conditions, the field created by the loudspeaker at y¼ 0 is
decomposed into plane waves:

pincðx; y¼ 0; zÞ ¼
1

ð2pÞ2

Z Z
~pincða0; g0; y¼ 0Þe�jða0xþg0zÞ da0 dg0; (55)

where the plane wave amplitudes ~pinc are determined using the two-dimensional spatial Fourier transform of the incident
sound field at y¼ 0:

~p incða0; g0;0Þ ¼

Z Z
pincðx; y¼ 0; zÞe jða0xþg0zÞ dx dz: (56)

~pinc is numerically determined using a Fast Fourier Transform algorithm. In the case of a 2D periodic profile, spatial
samplings Dx and Dz and number of FFT samples nx and nz must satisfy the following criteria:
�
 Spatial samplings must satisfy the Shannon theorem [21]:

Dxo
c

2f
; Dzo

c

2f
(57)

Spatial samplings must satisfy:
�
(ðn1;n2Þ 2 N
2 :

Lx

Dx
¼ 2n1 ;

Lz

Dz
¼ 2n2 (58)
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Fig. 8. (a) Schematic of the acoustic pressure measurement using 45 sensors and (b) incident acoustic field decomposition by wave number.

Fig. 9. Acoustic reflection coefficient of polystyrene sample.
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Periods Lx and Lz of the 2D periodic profile are both multiples of spatial samplings Dx and Dz. Hence, plane wave
incidence angles resulting from sound field decomposition will correspond to the reflected wave characteristic
directions (defined by Eq. (5) in Section 2.1).

�
 Dimensions Lx

dec ¼ nxDx and Lz
dec ¼ nzDz of the measurement grid must be large enough for the incident sound field

outside the grid range to be considered insignificant.

�
 The number of FFT samples nx and nz must be squares for the FFT algorithm to give acceptable results.

Dx, Dz, nx and nz have been chosen based on the following criteria:

Dx1 ¼
c

2:1f
; Dz1 ¼

c

2:1f
(59)

where the factor 2.1 has been chosen to assure that the spatial samplings satisfy the Shannon theorem (Eq. (57)) and also
to avoid the spatial resolution be too narrow leading to a large number of data requiring long computation times

Dx¼
Lx

2Intþ ðlog2ðIntþ ðLx=Dx1ÞÞÞ
; Dz¼

Lx

2Intþ ðlog2ðIntþ ðLz=Dz1ÞÞÞ
(60)

Lx
dec ¼ Lz

dec ¼ 100 m (61)

nx
p ¼ 2Intþ ðlog2ðL

x
dec
=DxÞÞ; nz

p ¼ 2Intþ ðlog2ðL
z
dec
=DzÞÞ (62)

where Intþ ðvarÞ ¼ IntðvarÞþ1, IntðvarÞ being the integer part of the decimal number var.
For the 1D periodic profile, spatial sampling must satisfy Eq. (58) conditions for the x-axis. In this case, the sampling

interval Dz and the FFT sample number nz along the z-axis are Dx and nz respectively.
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Fig. 10. Array of 15 microphones used to measure the acoustic pressure above the periodic profile.

Fig. 11. The investigated 2D periodic profile with one waveguide.
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The waveguide model has been applied for each plane wave ~p inc produced using the FFT. The total sound field reflected
by the periodic profile is then obtained by superposing the elementary reflected sound field calculated for each incident
plane wave.

Measurement has been carried out with an array of 15 microphones as shown in Fig. 10. Microphones were spaced at
5.5 cm intervals. The acoustic pressure was measured by 45 sensors as shown in Fig. 8a. Fig. 8b shows the angular
distribution of the incidental sound field normalised for every frequency with respect to its maximum value. Array-based
measurements were taken three times at three adjacent positions. These positions were chosen such that the central
microphone of the 45-sensor virtual array was located directly below the loudspeaker [22].
3.3. Waveguide model validation

3.3.1. 2D periodic profile with one waveguide

In this measurement, xs, ys and zs represent the source and xc, yc and zc, the sensor coordinates, respectively. These
dimensions and those of the profiles are expressed in metres.

Fig. 11 illustrates the studied 2D periodic profile with one waveguide. Fig. 12 shows the dimensions of this profile and
the admittance values based on the Fig. 3 notations. Fig. 12 also shows the theoretical and the experimental variation of the
acoustic pressure at four frequencies (230, 530, 820 and 2275 Hz) for x-coordinates in front of the studied periodic surface.
Each acoustic pressure profile is normalised with respect to 1 at the centre of the array and displayed against a linear scale.
The loudspeaker is located 1.2 m above the studied surface and the array at 10 cm above. The loudspeaker and the array are
centred above the profile at x=z=0.

The results obtained from the waveguide method are similar to those obtained through measurement, i.e. the relative
mean square errors defined as:

EfðTheoretical�ExperimentalÞ2g=EfExperimental2
g (63)

where E indicates the expected value, are 0.5, 3.6, 1.7 and 7.4 percent for 230, 530, 820 and 2275 Hz, respectively.
The variation of the acoustic pressure is fairly symmetrical with respect to the centre of the loudspeaker.
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Fig. 12. Acoustic pressure above the studied 2D periodic profile with one waveguide: zs=0, ys=1.2, xs ¼ f�1:21;�1:21þ0:055; . . . ;1:21g, yc=0.1, zc=0,

Lx=Lz=0.82, dx=dz=0.32, h=0.1, Z0=0.08, Z1=0. (a) 230 Hz; (b) 530 Hz; (c) 820 Hz; and (d) 2275 Hz.

Fig. 13. The studied 2D periodic profile with two waveguides—Profile A.
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3.3.2. 2D periodic profile with two waveguides—Profile A

xs, ys and zs always represent the coordinates of the source, and xc, yc and zc, those of the sensors. These dimensions as
well as those of the profiles are expressed in metres.

The studied 2D periodic profile with two waveguides corresponds to profile A (Fig. 13) which comprises five periods
along the x- and z-axes. Fig. 14 shows the dimensions of this profile and the admittance values in metres based on the Fig. 4
notations. Each acoustic pressure profile is normalised with respect to 1 at the centre of the array and shown against a
linear scale. The loudspeaker is 1.1 m above the studied surface and the array is 10 cm above. The loudspeaker and array
are centred at x=z=0.

Results obtained from the waveguide method are again similar to the measurements despite certain differences at high
frequencies. The relative mean square errors are respectively, 0.6, 10.7, 37.5 and 40.8 percent for 230, 530, 820 and
2275 Hz.
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Fig. 14. Acoustic pressure above the studied 2D periodic profile with two waveguides—Profile A: zs=0, ys=1.1, xs ¼ f�1:21;�1:21þ0:055; . . . ;1:21g,

yc=0.1, zc=0, Lx=Lz=0.82, dx1=dz1=0.57, dx2=dz2=0.32, h1=h2=0.1, Z0=Z1=0.08, Z2=0. (a) 230 Hz; (b) 530 Hz; (c) 820 Hz; and (d) 2275 Hz.
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Symmetry alone may be considered a validation criterion for both methods. In low frequencies, the close match
between the model and experimental results further illustrate the validity of the waveguide model. But it is very difficult to
build periodic profiles in a precise way using blocks of polystyrene, particularly profiles with two waveguides. As a result,
the measurements become very sensitive to errors at high frequencies because the echoes are very directive and the
slightest lack of precision in the positioning of the blocks, of the microphones or of the source can modify considerably the
directions and the amplitudes of the reflected waves at the reception points.
3.3.3. Discussion
�
 For the calculation of the acoustic pressure above the studied 2D periodic profile, we chose a constant specific acoustic
admittance Z0=0.08, which gave an acoustic reflection coefficient of approximately 0.85–0.9 (see Fig. 9). The
experimental result on the profile does appear to suggest that the approximation is acceptable especially at the lower
frequencies.

�
 Measurements at greater distances from the surface have not been carried out because the waveguide method is

conceived for infinite surfaces. To avoid the acoustic boundary phenomena of the finite dimensions of the studied
profiles, we placed the source (considered as spherical) close to the profile. In these conditions, it would be difficult to
place the microphone at greater distances from the surface.

4. Conclusion

When a periodic profile is excited by a plane wave, the reflected sound field can be regarded as superposition of plane
waves at specific directions. Periodic uneven surfaces scatter the sound along these directions. The angles of reflection
depend on the characteristics of the incident wave and the periodicity of the profile and not on its geometry nor on the
acoustic characteristics of the surface itself. Only the amplitudes of the reflected plane waves depend on the geometry and
the acoustic properties of the material. These amplitudes are generally difficult to determine. The waveguide method is
particularly well adapted to the geometries of periodic profiles encountered in the workshops. This method consists of a
spatial sampling of the periodic profile in numerous parallelepipeds. The sound field in each region is defined as the
superposition of transverse eigenmodes.
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The method of the waveguides has been generalised in this paper to 2D periodic profile composed of rectangular
cavities. Measurements have been carried out to validate the waveguide model. The sound source used during the
measurements was a loudspeaker located near the studied profile. The waveguide model has been adapted to the case of
an incident sound field created by a point source. The simulation results are fairly similar to the experimental ones. Finally,
the waveguide method should allow the study of acoustic scattering behaviour to predict the apparent acoustic absorption
of periodic profiles observed in acoustic fields in closed spaces.
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